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Abstract
We continue the work hep-th/0411075 considering here the case of degenerate masses.
A nonabelian vortex arises in r-vacua upon the breaking by a superpotential for the
adjoint field. We find the BPS tension in the strong coupling regime computing the
dual-quark condensate. Then we find that it is equal to a simple quantity in the chiral
ring of the theory and so we conjecture the validity of our result out of the strong
coupling regime. Our result gives an interesting hint about the duality r ↔ Nf − r,
seeing it as the exchange first ↔ second sheet of N = 1 Riemann surface.
December, 2004
1 Introduction
In [1] we studied the tension of vortices in N = 2 SQCD (in the case of non
degenerate masses) broken to N = 1 by a superpotential W (Φ), in color-flavor locked
vacua. When there is a color-flavor locking some flavors become massless in theN = 2
theory. Due to the presence of the superpotential, these flavors condense and create
a vortex solution. The tension of the vortex can be written as a BPS tension plus a
non-BPS contribution
T = TBPS + TnonBPS , (1.1)
where
TBPS = 4π|T | (1.2)
and we called T the holomorphic tension. This is directly related to the central
charge of the supersymmetry algebra. If Lorentz invariance is broken by a vortex
configuration, one can introduce a central charge in the N = 1 superalgebra. This
central charge is essentially the holomorphic tension T .
Here we consider the case of Nf flavors with degenerate mass m. There are
vacua in the moduli space of the N = 2 theory, where a non abelian subgroup
SU(r) × U(1)Nc−r+1 survives in the infrared [2, 3]. In the weak coupling regime
(m >> Λ) Nf quarks are locked to r colors and if r < Nf/2 the nonabelian SU(r) is
infrared free and survives at low energy. The breaking to N = 1 by a soft mass for the
adjoint field and the formation of the nonabelian vortex have been studied in [4] in the
weak coupling regime (similar solutions where also found in [5]). The condensation
of quarks creates a nonabelian vortex that confines the massive nonabelian magnetic
monopoles. For general value of m the low energy degrees of freedom are no more
the quarks Q, Q˜ but the dual-quarks D˜,D. Here we compute in the strong coupling
regime the dual-quark condensate using the factorization equations [7, 6, 8] that relate
the N = 2 Seiberg-Witten curve to the N = 1 matrix model curve. The last one is
defined by
ym
2 = W ′
2
(z) + f(z) , (1.3)
where f(z) is a polynomial (a quantum correction) that depends on the vacuum. The
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result for the dual-quark condensate is
D˜IDJ =


−
√
W ′2 + f
∣∣∣
z=m
1min(r,Nf−r)
0
. . .
0

 , (1.4)
where I, J = 1 . . .Nf are flavor indices. This condensate creates a nonabelian vortex
whose holomorphic tension is
T =
√
W ′2 + f
∣∣∣∣
z=m
. (1.5)
In the case of r-vacua we can say something more with respect to [1]. We can
express the dual-quark condensate as a simple quantity in the chiral ring of the theory.
Thanks to a generalized version of the Konishi anomaly [7, 9] one can compute all the
expectation values of the operators in the chiral ring of the theory. The generators
of the chiral ring are
T (z) = Tr
1
z − Φ , R(z) = −
1
16
√
2π2
Tr
W αWα
z − Φ , (1.6)
MI(z) = Q˜I
1
z − ΦQI . (1.7)
These are differential forms on the Riemann surface (1.3) with punctures at q and q˜
(two points with the same z = m coordinate and respectively in the first and in the
second sheet of the Riemann surface). The dual-quark condensate is exactly equal to
the residue
D˜IDI =
1
2πi
∮
m
MI(z)dz , (1.8)
evaluated around q if the number of locked quarks r is less than Nf/2 or around q˜
if r is greater than Nf/2. Note that the condensate D˜IDI has no meaning out of
the strong coupling regime. The residue 1
2pii
∮
MI(z)dz is instead computed using the
generalized Konishi anomaly and so it is not restricted to the strong coupling regime.
The paper is organized as follows. In Section 2 we introduce the model and we
compute the tension in the classical limit. In Section 3 we compute the holomorphic
tension in the strong coupling regime. In Section 4 we express the dual-quark con-
densate as a simple object in the chiral ring of the theory. Appendix A is devoted to
the explicit construction of the nonabelian vortex and its moduli space.
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2 The Model
Our model is N = 2 U(Nc) gauge theory with Nf flavors of mass m, broken to
N = 1 by a superpotential for the adjoint field. The Lagrangian is
L =
∫
d2θ
1
2g2
TrNc (W
αWα) + h.c. (2.1)
+
∫
d2θd2θ¯
2
g2
TrNc (Φ
†eVΦe−V ) +
∫
d2θd2θ¯
Nf∑
I=1
(QI
†eVQI + Q˜Ie
−V Q˜†I)
+
∫
d2θW + h.c. ,
where the superpotential is
W =
Nf∑
I=1
√
2(Q˜IΦQI −mQ˜IQI) +
√
2TrNcW (Φ) , (2.2)
and
W (z) =
k∑
j=0
gj
j + 1
zj+1 , W ′(z) = gk
k∏
j=1
(z − aj) . (2.3)
The flavor are labeled by the index I = 1, . . . , Nf .
The FQI and FQ˜I terms set to zero imply that the diagonal elements of φ are equal
either to m or to a root of W ′
〈φ〉 =


m1r
a11N1
. . .
an1Nn

 , (2.4)
where
n∑
j=1
Nj + r = Nc . (2.5)
r is the numbers of flavors that are locked to m and must be not greater than the
number of flavors, 0 ≤ r ≤ Nf . The gauge group is broken by (2.4) to U(r) ×∏n
j=1 U(Nj).
If r colors and flavors are locked at the same eigenvalue, then in the low energy we
have also a massless hypermultiplet in the fundamental of U(r). The condensation
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of this hypermultiplet breaks the U(r) group and creates a nonabelian vortex that
confines nonabelian magnetic monopoles [4]. The Fφ term and the D term together
yield the potential for the quark fields
V = g2Trr (|qq˜ +W ′|2) + g
2
4
Trr ((qq
† − q˜†q˜)2) , (2.6)
where we have suppressed the gauge and flavor indices, which are summed. This may
be expressed in a SU(2)R invariant form using the doublet q
α = (q, q˜†):
V =
g2
2
TrrTr2 (q
αq†β −
1
2
δαβq
γq†γ − ξa(σa)αβ)2 , (2.7)
−ξ1 + iξ2 = W ′(m) , ξ3 = 0 .
An SU(2)R rotation brings the potential to a form with a Fayet-Iliopoulos (FI) term
− ∫ d2θd2θ¯ 2vV and no superpotential
V =
g2
4
Trr ((qq
† − q˜†q˜ − 2v1r)2) , (2.8)
where v = |W ′(m)|. The low energy Lagrangian is thus
L ⊃ − 1
2g2
Trr (FµνF
µν)− (Dµq)(Dµq)− g
2
4
Trr ((qq
† − 2v1r)2) . (2.9)
The nonabelian BPS vortex is explicitly build in Appendix A where we consider also
the possibility that the SU(r) coupling is different from the U(1) coupling. At the end
we will find that the tension is TBPS = 4π|W ′(m)| and so the holomorphic tension is
T = W ′(m) . (2.10)
3 Strong Coupling
Now we compute the holomorphic tension computing the dual-quark condensate
as in [1]. In this section we will denote the quantum parameter
rq = min(r,Nf − r) . (3.1)
The simplest case to consider is k = n = Nc − rq. To avoid some technicalities we
compute the condensate only in this case. The factorization of the ΣN=2 curve ([7, 8])
gives
y2 =
1
gNc−rq
2
(W ′
2
+ f)(z −m)2rq . (3.2)
4
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Figure 1: Cycles in U(3)→ SU(2)× U(1)× U(1) theory.
U(Nf ) SU(rq) U(1) U(1)
Nc−rq
Nf rq 1 0
Table 1: Low energy in rq-vacua.
See Figure 1 for the case Nc = 3 and rq = 2. In the low energy we have a N = 2
SU(rq)×U(1)×U(1)Nc−rq gauge theory with hypermultiplet D˜,D with charges given
in Table 1. The low energy superpotential is
Wlow =
√
2
Nf∑
I=1
(D˜IArqDI + D˜IA1DI) +
√
2Weff (Arq , A1, . . . , ANc−rq+1)) , (3.3)
where the effective superpotential that breaks to N = 1 is
Weff =
Nc−rq∑
j=1
gjuj+1(Arq , A1, . . . , ANc−rq+1) . (3.4)
A’s are the chiral superfields of the N = 2 gauge multiplets, Arq is the one of the
SU(rq) gauge multiplet, A1 is the one of the U(1) multiplet coupled to the dual quarks.
To compute the tension we need to consider only the FA terms of the potential:
FArq = 2gna
2
rq∑
b=1
|
Nf∑
I=1
d˜IT
bdI |2 , (3.5)
5
FA1 = 2g1
2|
Nf∑
I=1
d˜IdI +
∂Weff
∂a1
|2 , (3.6)
FAs = 2gs
2|∂Weff
∂as
|2 , s = 2, . . . , Nc − rq + 1 . (3.7)
Making the BPS ansatz d˜ = −d† we obtain the action for the nonabelian BPS vortex
studied in Appendix A. The holomorphic tension is given setting to zero the FA1
term
T = − 1
rq
Nf∑
I=1
d˜IdI =
1
rq
∂Weff
∂a1
, (3.8)
while the other FA’s terms give stationary conditions
0 =
∂Weff
∂as>1
(3.9)
Writing (3.8) and (3.9) in a matrix form and multiplying by the inverse matrix we
obtain:

g0
...
...
gNc−rq

 =


∂a1/∂u1 . . . . . . ∂aNc−rq+1/∂u1
...
...
...
...
∂a1/∂uNc−rq+1 . . . . . . ∂aNc−rq+1/∂uNc−rq+1




rqT
0
...
0

 .
(3.10)
The last equation is
gNc−rq =
∂a1
∂uNc−rq+1
rqT , (3.11)
where by the Seiberg-Witten solution (see [1] for more details1)
∂a1
∂uNc−rq+1
=
1
rq
1
2πi
∮
α1
(z −m)rq−1dz
y
=
gNc−rq
rq
√
W ′2 + f |z=m
. (3.12)
thus we obtain
T =
√
W ′2 + f
∣∣∣∣
z=m
. (3.13)
1To reproduce the correct semiclassical result, the normalization of the holomorphic differential
here must be 1/rq the ones used in [1]. Here, in fact, we are making an integral around 2rq collided
roots while in [1] the integral was around 2 collided roots.
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The dual-quark condensate is
D˜IDJ =


−
√
W ′2 + f
∣∣∣
z=m
1min(r,Nf−r)
0
. . .
0

 . (3.14)
4 The chiral ring
The generators of the chiral ring of the theory are:
T (z) = Tr
1
z − Φ , R(z) = −
1
16
√
2π2
Tr
W αWα
z − Φ , (4.1)
MIJ(z) = Q˜I
1
z − ΦQJ . (4.2)
The generalized Konishi anomalies provides a solution for the chiral ring [7]. The
anomalies that we need are the following:
[W ′(z)R(z)]− = R(z)
2 , (4.3)
[MII(z)(z −m)]− = R(z) , (4.4)
[MIJ(z)(z −m)]− = 0 I 6= J .
The solution of the first equation is
2R(z) = W ′(z)−
√
W ′(z)2 + f(z) , (4.5)
where f(z) is a polynomial of degree k− 1 that depends on the vacuum. By (4.5) we
are naturally led to consider the Riemann surface ΣN=1 defined by the equation
ym
2 = W ′(z)2 + f(z) . (4.6)
This is a double sheeted cover of the complex plane on which R(z) is uniquely defined.
We call q and q˜ the two points of ΣN=1 with the same coordinate z = m. For every
flavor I we can choose if it is locked (rI = 1) or not (rI = 0) and the vacua will be
characterized by r =
∑Nf
I=1 rI . When rI = 0 MII(z) must be regular in q
MII(z) =
R(z)
z −m −
R(q)
z −m . (4.7)
7
When rI = 1 one can find the solution by continuously deforming the theory, in such
a way that the pole passes from the second to the first sheet. The solution is:
MII(z) =
R(z)
z −m −
W ′(m)−R(q)
z −m . (4.8)
We take the off diagonal terms MIJ = 0 since we are at the root of the Higgs branch.
In the case of degenerate masses is possible to express the dual-quark condensate
(3.13) as a simple quantity in the chiral ring of the theory. We have to distinguish two
cases. If r ≤ Nf/2, the condensate D˜IDJ is the residue of the differential MIJ(z)dz
around the point z = m in the first sheet
D˜IDJ =
1
2πi
∮
q
MIJ(z)dz . (4.9)
If r ≥ Nf/2 the condensate D˜IDJ is the residue of the differential MIJ(z)dz around
the point z = m in the second sheet
D˜IDJ =
1
2πi
∮
q˜
MIJ(z)dz . (4.10)
5 Conclusion
The vortices considered here are exactly BPS only when the superpotential is
a linear function of Φ. As studied in [1] they have non-BPS corrections and the
condition under which they are small with respect to the BPS tension is
g(µ)2Weff
′ ′2
Weff ′
<< 1 , (5.1)
where we have considered Weff that enters in (3.3). The energy scale µ of the U(1)
breaking is roughly
√
Weff ′. We argue that a region of parameters exists where the
condition (5.1) is satisfied. To find it we multiply the tree level superpotential by a
constant ǫ:
ǫW (z) , 0 ≤ ǫ ≤ 1 . (5.2)
If we send ǫ → 0, the BPS tension goes to zero like ǫ while the non-BPS correction
goes to zero more quickly. In fact Weff
′ ′2 brings a factor ǫ2 and e2(µ) vanishes
logarithmically with ǫ. Thus for sufficient little ǫ our vortices are almost BPS.2
2If Weff
′ ′2/Weff
′ ≤ 1, the strong coupling region, where e2(µ) is small, is enough for (5.1) to
be valid.
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The new result of this paper is the expression of the dual-quark condensate as a
simple quantity in the chiral ring of the theory. The dual-quark has no meaning out
of the strong coupling regime where the dual SU(rq)× U(1) is weakly coupled. The
chiral ring quantity in the right hand side of (4.9) and (4.10) is instead computed
using the generalized Konishi anomaly and thus is valid in every regime, not only at
strong coupling. Unfortunately out of the strong coupling we have no more control
of the non-BPS corrections.
Equations (4.9) and (4.10) are a signal of the duality r ↔ Nf − r. The vacuum
counting of [3] and more recently [10], shows that classical vacua with r or Nf − r
locked quarks have the same low energy description in terms of rq-vacua. Thus we
see that the duality r ↔ Nf − r appears in equations (4.9) and (4.10) as an exchange
between the first and the second sheet of the N = 1 Riemann surface.
Appendix A Nonabelian Vortex
Now we recall in brief the construction of the nonabelian BPS vortex. The La-
grangian is SU(nc)×U(1) (in general with different couplings), plus a charged scalar
field in the r, 1 and the BPS potential
L = − 1
4gna2
(F aµν)
2− 1
4g2
(Fµν)
2 − (Dµq)(Dµq)− gna
2
2
∑
a
(q†T aq)2 − g
2
2
(q†q− 2ncv)2 .
(A.1)
When gna = g the potential is equal to (2.8).
Dµq = ∂µq − iAaµT aq − iAµq (A.2)
The potential is minimized when
〈q〉 =


√
2v 0
. . .
. . .√
2v

 . (A.3)
This VEV breaks the flavor symmetry of the Lagrangian
U(nf )→ U(nc)C+F × U(nf − nc) . (A.4)
The BPS tension is a boundary term
TBPS =
∫
d2x ∂kǫkl
(
2Alv − iq†Dlq
)
(A.5)
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To build the vortex configuration we embed the ordinary U(1) vortex in this theory.
All such embeddings are U(r) rotations of
q =
√
2v


eiθq1(r) 0
q2(r)
. . .
. . .
q2(r)

 , (A.6)
Ana k = −ǫkl
rˆl
r
fna(r)


(nc − 1)
−1
. . .
−1

 ,
Ak = −ǫkl rˆl
r
f(r) .
where q1(r), q2(r), f(r) and fna(r) are some profile functions that satisfy the boundary
conditions q1(0) = f(0) = fna(0) = 0, q1(∞) = q2(∞) = 1 and f(∞) = fna(∞) =
1/nc. The r independent vortices constructed this way are degenerate with tension
TBPS = 4πv . (A.7)
The vortex solution (A.6) classically breaks the residual global symmetry (A.4) to
U(1)× U(nc − 1). This leads to the existence of a moduli space.
q → UqU−1 , Ana → UAnaU−1 . (A.8)
the moduli space is:
CP
nc−1 =
U(nc)C+F
U(1)× U(nc − 1) . (A.9)
When nf > nc other zero modes are present in our theory. Hanany and Tong [5] have
found that among the classical solutions for nf > nc are semi-local vortices.
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